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PID controller structure is regarded as a standard in the control-engineering community and is sup-
ported by a vast range of automation hardware. Therefore, PID controllers are widely used in industrial
practice. However, the problem of tuning the controller parameters has to be tackled by the control
engineer and this is often not dealt with in an optimal way, resulting in poor control performance and
even compromised safety. The paper proposes a framework, which involves using an interval model for
describing the uncertain or variable dynamics of the process. The framework employs a particle swarm
optimization algorithm for obtaining the best performing PID controller with regard to several possible
criteria, but at the same time taking into account the complementary sensitivity function constraints,
which ensure robustness within the bounds of the uncertain parameters’ intervals. Hence, the presented
approach enables a simple, computationally tractable and efficient constrained optimization solution for
tuning the parameters of the controller, while considering the eventual gain, pole, zero and time-delay
uncertainties defined using an interval model of the controlled process. The results provide good con-
trol performance while assuring stability within the prescribed uncertainty constraints. Furthermore,
the controller performance is adequate only if the relative system perturbations are considered, as pro-
posed in the paper. The proposed approach has been tested on various examples. The results suggest
that it is a useful framework for obtaining adequate controller parameters, which ensure robust stability
and favorable control performance of the closed-loop, even when considerable process uncertainties are
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1. Introduction

Despite recent advances in control theory and several frameworks for advanced
control approaches, PID controllers are still widely used in industrial practice. The
reason for this is that the PID structure is well-known in the control-engineering
community and is supported by a vast variety of automation hardware. PID con-
trollers can be used for a broad range of processes in a simple and relatively robust
manner. However, the problem of tuning the controller parameters has to be tackled
by the control engineer and this is often not dealt with in an optimal way.

In literature, there are several PID tuning strategies and rules that are well
known and often used (e.g. [1]). These rules generally allow the engineer to ade-
quately set the PID parameters and achieve a certain degree of control performance
and robustness. However, one cannot be certain that the controller is optimally
tuned. On one hand, if the parameters are set too conservatively, the control per-
formance will suffer. On the other hand, if the parameters are set too aggressively,
the robustness properties are lost and the closed-loop system can even become
unstable.

Therefore, in order to design a controller for a process with uncertain parame-
ters, it is essential to take these uncertainties into account. In such manner, it can
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be assured that the controller will put the closed-loop dynamics on the edge of the
required robustness properties and thus ensure high control performance in opera-
tion. By considering the bounds of the uncertain parameters’ intervals it is possible
to derive the required robustness properties by limiting the complementary sensi-
tivity function. If the imposed constraints are not violated, closed-loop stability can
be ensured.

In the last years, several heuristic-based and partially bio-inspired optimiza-
tion approaches, such as genetic algorithm, ant colony optimization, particle swarm
optimization etc. have been gaining popularity, due to their fast convergence and
especially their ability to avoid local extrema and result in the global extremum.
Particle swarm optimization (PSO) has been introduced in [2]. Since then, it has
been used in many global optimization applications. The basic approach has been
modified in many regards. Various techniques for the alleviation of local min-
ima and for detecting multiple minimizers are described in [3]. Furthermore, the
paper also presents results on the ability of the PSO in tackling multiobjective,
minimax, integer programming and several other approaches. Various advanced
multiobjective PSO (MOPSO) algorithms have been presented lately. MOPSO was
first introduced in [4]. These algorithms tend to be more effective when dealing
with multiobjective optimization. A MOPSO algorithm, where Pareto dominance is
used to determine the flight direction of a particle, is presented in [5]. The compu-
tational complexity is treated ad reduced in [6]. A review of MOPSO state-of-the-art
can be found in [7-9]. Besides some later MOPSO applications (e.g. in the field of
grid optimization [10-12]), a survey of applications is presented in [ 13]. Vector eval-
uated PSO (VEPSO) is also suitable for multiobjective optimization [14,15,8]. Some
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promising results have been obtained by involving fuzzy logic in the PSO algorithm
[16-18].

There are several interesting approaches to PID-type controller tuning in the
literature. In [19], a tuning algorithm is presented, which is used to design and tune
PI controllers for stable processes with a small dead time while meeting specified
gain and phase margins. In [20] a predictive PI controller is used for dead-time
dominated linear time-invariant first-order processes. In [21,22], the author graph-
ically computes all feasible gain and phase margin specifications-oriented robust
PID controllers for open-loop unstable processes with time delay. Another graphi-
cal approach to finding stabilizing parameter sets of PID parameters with regard to
gain and phase margins for a class of processes with time-delay is presented in [23].
An approach with internal model control based PID tuning method for 2nd order
processes with time delay, again considering gain and phase margins is presented
in [24]. A genetic algorithm and bacterial foraging based PID tuning is proposed in
[25]. Advanced tuning approaches involving fuzzy controller and iterative tuning
with applications are presented in [26-28].

PSO algorithms have also been used for PID tuning. Conventionally, in order
for the controller to satisfy a specified gain and phase margin specification, the
design is carried out graphically by trial-and-error use of Bode plots. The authors
in [29] propose a PI controller tuning optimization based on gain and phase mar-
gin specifications. The approach uses PSO combined with Hooke Jeeves method in
the second stage. An modified PSO for tuning robust PID controllers is presented
in [30]. A design approach to PI Controllers based on non-convex optimization
of load disturbance rejection is proposed in [31]. A PI controller design for linear
systems with parametric uncertainty with respect to sensitivity margin is pre-
sented in [32]. A PID controller tuned using PSO is compared to a PID controller
tuned using Ziegler-Nichols rule in [33,34]. A modified PSO is used to tune a
PID controller in [35], whereas a PID-type fuzzy controller is tuned using PSO in
[36].

Various methods for tuning PID controllers using PSO have been implemented,
but approaches considering the robustness of the solution with regard to parameter
uncertainty are rather scarce. The goal of this paper is to present an approach, where
a PSO algorithm is used to obtain the best performing robust PID controller. Several
performance criteria can be considered by including them in the fitness function. At
the same time, the solution takes into account the frequency-domain based com-
plementary sensitivity function constraints, so as to ensure robustness within the
bounds of the uncertain parameters’ intervals. Furthermore, the relative stability
requirements are given using the maximum value of sensitivity function as defined
in [37,38]. Unlike some other approaches, the considered maximum value of sen-
sitivity function takes into account both gain and phase margins and is thus more
appropriate as a relative stability measure.

Hence, the presented approach can be regarded as a framework for obtaining
a simple, computationally tractable and efficient optimization solution for tuning
the parameters of the controller, while considering the gain, pole, zero and time-
delay uncertainty of the controlled process. The goal is to derive a robust PID
controller that provides good control performance while assuring robust stabil-
ity within the prescribed uncertainty constraints that affect the robustness of the
closed-loop system. From the a priori estimations of the uncertainties of the process,
the presented approach ensures that robust stability constraints are not violated.
Therefore, it provides good control performance and at the same time robustly safe
closed-loop operation, even when dealing with relatively complex uncertain process
dynamics.

The paper is structured as follows. In Section 2, the problem is introduced and
the basic preliminaries are given. The idea behind the representing system that
is used in the optimization is proposed. Gain, delay, zero and pole uncertainties
are treated and a simple illustrative example is shown. In Section 3, the controller
design is dealt with. The PSO algorithm mechanism is explained and the particular
features used in the approach are pointed out. Using the simple illustrative example,
an appropriate PID controller is derived and the closed-loop properties are analyzed.
Section 4 presents a three tanks system case study. A nonlinear mathematical model
of the system is derived and linearized for a general operating point. The proposed
PSO approach is used to tune the PID controller parameters and the closed-loop
behavior is analyzed. Finally, the controller is tested on the nonlinear plant. The
results show that the controller performance is adequate only when the relative
system perturbations are considered as proposed in the paper. The framework is
discussed with regard to its repeatability and convergence properties. In Section
5, another case study is treated. The considered system is a batch reactor used in
medicine production by a pharmaceutical company in Slovenia. The closed-loop
results are shown and the repeatability and convergence properties are discussed.
The results further support the usability of the proposed framework. Section 6 gives
some concluding remarks. In Appendix A, the pseudo code of the PSO algorithm is
presented and in Appendix B, the derivation of the representing system parameters
is explained.

2. Problem description and preliminaries

Consider a process with a known structure and several uncer-
tain process parameters that lie in a known bounded interval. The

goal is to design a suitable PID controller that will ensure adequate
stability properties and at the same time fast operation for any of
the process varieties within the boundaries.

Assume the system is formulated in the factorized form, as
shown in Eq. (1).

eril (1 + bi>
. I/ T8
[T (1 +3)

In Eq. (1), Kpc is the process gain, T stands for the delay, —b;
(where j € {1, ..., m}) denote the process zeros and —a; (where
i € {1,...,n})are the process poles.

When dealing with such processes, the actual uncertainties
in the process parameters that eventually influence closed-loop
behavior have to be taken into account. When the controller is
tuned for good control performance for one particular variation of
the uncertain process, as it is often the case in industrial practice,
it cannot be ensured that the control performance will still remain
adequate when a particular uncertain process-parameter changes
its value. Furthermore, it is also possible that the closed-loop even-
tually becomes unstable when that controller is used.

If there is one uncertain process-parameter with known bound-
aries, the most obvious control-design approach would be to derive
two bounding systems that consider the minimum and the maxi-
mum value of the uncertain parameter, respectively. The controller
would then be designed and tuned by taking into account both
extreme cases, assuming that the actual process’ dynamics lie
somewhere in between. However, if there are n uncertain process
parameters with known boundaries, 2" bounding systems need
to be considered. Therefore, the number of bounding systems can
easily become quite high and it is at least unpractical to tune the
controller by taking into account the whole set of the bounding
systems.

The goal is to derive the parameters of the controller using
PSO [2]. In the proposed approach the optimization is run only
once. In order to be able to do that, the representing process used
for the optimization must be derived and robustness of the solu-
tion according to the process-parameter uncertainties must be
ensured.

GP(S) = KDC . (1)

2.1. Derivation of the representing system

Before going into further design steps, it is sensible to transform
the problem of dealing with the system with uncertain param-
eters to a system without any uncertainties, which nevertheless
best represents the original system with uncertain parameters. The
representing system is then used in the PSO algorithm in order to
obtain the optimal controller parameters.

Let us take into account the robust stability properties expressed
in Eq. (2).

AGp(jw) 1
Gr(j) ‘ = ’T@'w)‘

Here, Gp(jw) is the original system, AGp(jw) stands for the
system perturbation' and T(jw) is the complementary sensitivity
function - see Eq. (3). The maximum value of the complemen-
tary sensitive function is denoted as M; - see Eq. (4). However, a
more general solution can be obtained by limiting the maximum
value of the complementary sensitive function depending on the

(2)

1 In this case, the perturbations are considered as a consequence of uncertain
parameters.
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frequency. Thus, from Eq. (2), it is possible to derive the robustness
requirement as given in Eq. (5).

Gp(jw)- Gr(jw)

MU= 75 Golje- Gelje)

(3)

M; = m£x|T(iw)| (4)

IT(jw)| < Tmax(w);

_ (5)
AGp(jw)

Gp(jw)

Thax(w) =

Here, Gg(jw) stands for the controller.

The closed-loop system will remain stable for system perturba-
tions AGp (or for that matter relative system perturbations AG—‘;”)
that comply with Eq. (2).

Hence, in order to relieve the stability constraints with regard
to the admissible complementary sensitivity function, it is vital to
derive such representing system Gpg(jw) so that the relative sys-
tem perturbations AG([’:SO due to the uncertain parameters are the
smallest possible for even the worst case scenario.

Therefore, four possible types of system perturbations due to
uncertain parameters are considered and each of them is analyzed
separately:

e gain uncertainty,
e delay uncertainty,
e zero uncertainty,
e pole uncertainty.

2.1.1. Gain uncertainty

In this case, the gain of the system is assumed to be uncertain
(parameter Kpc of the system Gp(s)), as given in Eq. (6).
Gp(s) = Kpc - Gppx(s)

Kpc1 < Kpc < Kpca

(6)

Here, Gpsx(s) represents an arbitrary multiplicatory system with
fixed parameters that are assumed not to be affected by any uncer-
tainties. In order to ensure that the relative system perturbations
due to the uncertain parameter are as small as possible, the repre-
senting system Gpo(s) should be defined as given in Eq. (7).

Gpo(s) = Kpco - Gppix($) (7)

The resulting parameter Ky can be derived as defined in Eq. (8).
The proof is given in Appendix B.

Kpc1 + K
Kpco = ~D€1 o DC2 (8)

2.1.2. Delay uncertainty
The time-delay of the system is assumed to be uncertain (param-
eter 7 of the system Gp(s)), as given in Eq. (9).

Gp(s) = ™™ - Gppix(S); ©)

To =< T =< Tmax

Gprx(s) represents an arbitrary multiplicatory system with
fixed parameters that are assumed not to be affected byany

uncertainties. Assume the representing system Gpy(s) is defined as
given in Eq. (10) - see Appendix B.

Gpo(s) = e770% - Gpgx(S) (10)

2.1.3. Zero uncertainty

In this case, the position of one of the zeros in the transfer func-
tion of the system is assumed to be uncertain (parameter —b of the
system Gp(s)), as given in Eq. (11).

N
Go(s) = (1+ 3 ) - Gopels) ”

b1<b<b2

Here, Gpgix(s) represents an arbitrary multiplicatory system with
fixed parameters that are assumed not to be affected by any uncer-
tainties. In order to ensure that the relative system perturbations
due to the uncertain parameter are as small as possible, the repre-
senting system Gpg(s) should be defined as given in Eq. (12).

s
Gro(s) = (1+ 5 ) +Gonls) (12)
The resulting parameter by can be derived as defined in Eq. (13).
The proof is given in Appendix B.

 2byby
bo=pt (13)

2.1.4. Pole uncertainty

The position of one of the poles in the transfer function of the
system is assumed to be uncertain (parameter —a of the system
Gp(s)), as given in Eq. (14).

1
Gr(s) = —— - Gpnls)
s (14)

a
b1<b<b2

Gpyix(s) represents an arbitrary multiplicatory system with fixed
parameters that are assumed not to be affected by any uncertain-
ties. In order to ensure that the relative system perturbations due to
the uncertain parameter are as small as possible, the representing
system Gpo(s) should be defined as given in Eq. (15).

1
G =— .G 15
po(s) 72 pfix(S) (15)
The resulting parameter agy can be derived as defined in Eq. (16).
The result depends on the most interesting frequency band. The
proof is given in Appendix B.
a,—a
ap=a+——— (16)
24 q2
1 + [0} +a2

w?+a?

This means that ap lies in the interval bounded by the
low-frequency solution (w — 0) and the high-frequency solution
(w— o0) as defined in Eqs. (17)-(19).

ao € [agly-o, aglo=c] (17)
_ 2(11(12

aolw=0 = R (18)
a +a

Golo—oo = —5— (19)
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2.2. Asimple illustrative example

In the illustrative example, a 3rd order process with a variable
gain and a variable dominant pole is considered, as shown in Eq.
(20).

K
G = ;

P8 = TG 1561 2) 2
25 < K < 35, (20)
0.8<a<1.2

There are 22 =4 bounding systems for the illustrative example
in Eq. (20). The bounding systems are given in Eq. (21).

25
Gpi(s) = (s+0.8)(s+1.5)(s+2)
35
Gpa(s) = (s+0.8)(s+1.5)(s+2) (21)
Goals) = 25
P = 51125+ 1.5) (s +2)
Gpy(s) = >

G+1.2)(s+1.5)(s+2)

2.2.1. The resulting representing system

In the aforementioned case (see Eq. (20)) gain uncertainty and
pole uncertainty is dealt with. Therefore, the representing system
is derived by taking into account Egs. (7), (8), (15) and (18). In this
manner, the representing transfer function can be formulated as in
Eq. (22).

30

Gpo(s) = (s +0.96)(s + 1.5)(s + 2)

(22)

Fig. 1 depicts the maximum relative system perturbations of
the representing system Gpg with regard to Gp;, Gpy, Gpz and Gpy, as
defined in Eq. (23). The bold line represents the maximum relative
system perturbations perturbation for a given frequency.

AGpg(jo) Gpi(jw) — Gpo(jw)
Gpo(jw) Gpo(jw) ’
3. Controller design

‘ :max‘ where i=1,2,3,4(23)
1

The transfer function of the PID controller is given in Eq. (24).

1 Tps
Gr(s) = Kp (1 + ﬁ + TfS 1 ) (24)

There are four parameters needed to fully define the PID con-
troller in Eq. (24), namely Kp, T}, Tp, and Ty. The approach tries to
alleviate the computational burden of the optimization algorithm
by only seeking the optimal parameters Kp, T; and Tp. The filtering
parameter is defined in a standard manner as Ty = TTD.

In this case, the maximum values of the sensitivity function S (Eq.
(26)) and complementary sensitivity function T (Eq. (3)) are consid-
ered in order to ensure stability and robustness requirements.

According to Eq. (2), the closed-loop system will remain stable
for relative process perturbations | Aci‘;%%“)’)\ that are bounded with
regard to the complementary sensitivity function T. Therefore, by
knowing the maximum relative process perturbations as depicted
in Fig. 1, it is possible to set the constraint for the value of M;max,
which is defined in Eq. (4), as given in Eq. (25).

1

AGpo(jw)
MaXe Gpo(jo)

Mt,max =

In this case, Mt max = 0% = 2.5. Hence, if this constraint is ful-
filled, the closed-loop system will keep its stability properties for
the whole range of uncertain systems within the prescribed limit.

The stability requirements can be specified using the sensitivity
function, or rather its maximum value - see Eqs. (26) and (27).

1

SU®) = 13 Gojw) - Gr(i)

(26)
Ms = max|S(jw)| (27)

The inverse of the maximum value of the sensitivity function
d= M% can be graphically interpreted as the minimum distance of
the Nyquist diagram from the critical point —1 +0j. In this regard,
it is a better stability criterion than the classic gain margin g, and
the phase margin ¢n. However, the criteria are connected as given
in Egs. (28) and (29).

M.

8m = M > 1 (28)
. —

@m > 2arcsin (29)

= 2M;

Assume g, ~ 6dB and ¢, ~ 30° are required. This means that the
solution should aim for Mg max ~ 2.

3.1. Particle swarm optimization algorithm
The particle swarm optimization (PSO) algorithm is employed
in order to find the optimal solution of the problem. A particle rep-

resent one of the possible solutions, in this case as defined in Eq.
(30).

T

Kp
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3.1.1. PSO parameters
The algorithm is initiated using the parameters? in Eq. (31).

0.0001 20
Xminmax = | 0.0001 5

0.0001 2

-50 50
Viminmax = | =50 50

-5 5

31

Niter = 40 ( )
Mpare = 100
w=0.7
c1=15
C) = 1.5

Note that the solutions obtained with the proposed framework
indicate that the choice of parameters hardly presents a practi-
cal problem to the user as long the suggested values are set: the
PSO algorithm yields similar results with various sets of parameter
values.

Here, Xninmax denotes the minimum and maximum value of
particles, Viinmax Stands for the minimum and maximum particle
velocity. Note that there are as many rows as the dimension of
the solution space. nj;, is the maximum number of iterations, npart
denotes the number of particles, wis the inertial factor,and c; and c;
represent the self-cognitive constant and social-component factor,
respectively.

The aforementioned parameters influence the performance of
the PSO algorithm especially from the convergence and efficiency
aspects. Despite there are several useful methods for determining
the values of the parameters available (see e.g. [39-41]), in this case
the choice of proper parameters can be done heuristically, due to
the relatively simple optimization task.

The minimum and maximum value of particles X,inmax are set
so that the expected optimal solutions lie within the boundaries,
which is not too difficult for xin Eq. (30). If in doubt, a larger interval
canbe used. The drawback is that this might require more iterations
Njrer and particles npgr, rising the computational complexity. Any-
ways, when the resulting solution lies very close to the border of
the interval X;inmax, @ Wider interval needs to be selected.

The minimum and maximum velocity of particles vy,jnmax influ-
ence the convergence rate. If a smaller interval is used, the solution
will converge at a slower rate, but the local search around the
extremum will be smoother. However, due to the use of inertial
factor w, the algorithm is not so sensitive to the values in vyipmax-

The number of iterations nj, and particles npqrr influence the
computational complexity. The values were selected by examining
the convergence trajectories. Since the task is not computationally
critical, a rather large number of iterations ny, and particles npar
was used in the algorithm.

The inertial factor w influences how the velocity of a particle in
the previous iteration influences the velocity in the next iteration.
Thus, low inertial factors are more suitable for local extremum
search (exploitation), whereas higher inertial factors favor global
extremum search (exploration). The self-cognitive constant and
social-component factor c¢; and ¢, influence the algorithm in
of rate of convergence and alleviation of local extrema. In the
literature, several benchmark optimization problems are treated

2 Note that the solutions obtained with the proposed framework indicate that the
choice of parameters hardly presents a practical problem to the user as long as the
suggested values are set: the algorithm yields similar results with various sets of
parameter values.

and different sets of parameters are proposed. The parameters w,
c1 and ¢, are set as suggested in [42] - see Eq. (31).

3.1.2. Fitness function

The fitness function for the optimization is defined in Eq. (32). It
considers two continuous criteria in Eqs. (33) and (34), and one dis-
crete criterion representing the robustness and stability constraint
in Eq. (35).

F(Gzz) = =J1(Gzz) — 0.1 J2(Gzz) — Jc(Gzz) (32)
J1(Gzz) = —fp(Gzz) (33)
J2(Gzz) = Tst,2%(Gzz) (34)

oo; Gzz is unstable \/ Ms(Gzz) > Ms,max \/Mt(Gzz) > Mt max
Je(Gzz) =
0; otherwise

(35)

Here, Gz denotes the closed-loop transfer function, f,(Gzz) is
the bandwidth of the closed-loop system, and Tsr,%(Gzz) stands
for the settling time of the step response of the closed-loop
system.

A practically usable fitness function can be constructed quite
easily. It is however important to include several objectives that
are in conflict with each other in the fitness function. This makes
the approach related to multiobjective optimization methods. In
literature, there are several multiobjective optimization methods
that could be implemented in the proposed approach [7-9]. How-
ever, in order to keep the algorithm as simple as possible, all the
objectives are gathered into one fitness function and the basic PSO
algorithm described in Appendix A is used.

The simple criterion function enables the use of a simpler algo-
rithm. On one hand, the algorithm could seek e.g. Pareto fronts so as
to make the optimization more transparent, but this would make
the approach more difficult to implement for an average user. Fur-
thermore, a more advanced global optimization algorithm could
also be used to improve the convergence and computational com-
plexity aspects. However, that could also make the approach more
complicated and further research is needed to support the potential
advantages in this regard.

The criteria in Egs. (33) and (34) can be pondered arbitrarily.
Changing the ponder values affects the closed-loop behavior,
however they can be set in a relatively simple manner. The crite-
ria J1, Jo and J. have several different purposes in the fitness
function:

® The continuous criterion J; in Eq. (33) treats the bandwidth of the
closed-loop system, which should be as high as possible. How-
ever, this criterion alone would provide a solution with a very
high value of Kp, resulting in a high bandwidth of the closed-loop
system with oscillatory response, rendering a very long settling
time.

e The continuous criterion J, in Eq. (34) treats the settling time of
the step response of the closed-loop system, which should be as
short as possible. This criterion counteracts the high-bandwidth
requirement by keeping the value of Kp low and thus preventing
the unwanted closed-loop oscillations. In this case, the settling
time was pondered with regard to the bandwidth heuristically,
as shown in Eq. (32). This can easily be achieved by rising the
ponder of J; as much as required to prevent excessive oscillation.
It needs to be noted that fine adjustments of the ponder value are
not needed as it does not influence the final closed-loop behavior
dramatically.
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Fig. 2. Closed-loop step response y(t) for Gpy, Gpy, Gps, and Gps.

e The discrete criterion J. in Eq. (35) treats the robustness and sta-
bility and is used for constraining the optimization algorithm. The
particles that violate the robustness or stability constraints can-
not be considered as a final solution. The appropriate constraints
are set by considering the expected parameter uncertainties of
the representing system. Therefore, J. ensures safe and robustly
stable closed-loop operation within the uncertainties’ limits.

3.2. Closed-loop behavior

The PSO algorithm described above is run in order to obtain a
solution that represents the optimal parameters of the PID con-
troller to be used. The solution considers the uncertain parameters,
which are constrained with the interval bounds. The goal of the
presented framework is thus to provide the best performing PID
controller with regard to several possible criteria, but at the same
time taking into account the complementary sensitivity function
constraints, which ensure robustness within the bounds of uncer-
tain parameters’ intervals.

The closed-loop step response for the representing system and
all the bounding systems using the optimized controller is shown
in Figs. 2 and 3.

Step Response

P1
P2
P3
P4
PO

15

Amplitude

05f i

2 4 6 8 10 12 14 16 18 20
Time (sec)

Fig. 3. Closed-loop step response u(t) for Gp1, Gpz, Gps, and Gpy.

Fig. 4. Three tanks hydraulic system.

4. Case study 1: Three tanks hydraulic system
4.1. Three tanks hydraulic system

In order to illustrate the proposed approach for controller design
on a realistic system, a three tanks hydraulic system is considered.

The system is depicted in Fig. 4. It consists of three containers for
liquids. The input of the system represents the voltage u applied to
the pump, which induces flow ¢;, that fills the first tank according
to Eq. (36), where K is a parameter of the pump. The liquid flows
from the first tank into the second one with flow ¢, according to
Eq.(37).Here, K; denotes the constant of the output pipe in the first
tank, and h; stands for the level of liquid in the first tank. Similarly,
the liquid flows from the second tank into the third one with flow
¢> according to Eq. (38) and finally out of the third tank according
to Eq. (39). Note that the installation involves considerable length
of piping between the pump and the first tank and between the
tanks, therefore, the actual flow at one point is subject to a consid-
erable time delay with regard to the flow at another point. K> and K;
denote the constant of the output pipe, and h, and h3 stand for the
level of liquid in the second tank and the third tank, respectively.
The output of the system is the level of liquid in the third tank hs.

Gin(t) = Ku-u(t - 1) (36)
¢1 = Ki\/hy (37)
¢2 =Kz \/hz (38)
¢3 =Ks\/hs (39)

Note that the time delay is introduced at the input in Eq. (36).
The dynamics of the system are given in Egs. (40)-(42).

dhy 1
G = 5t —o) (40)
dh, 1
G- (41)
dhs 1
G50 (42)

In Egs. (40)-(42), S1, S» and S3 represent the surface area of the
first, second and third tank, respectively.
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4.2. Linearization at the operating point

The proposed system can be linearized at an operating point.
Assume it is linearized around the input value of ug. In this case, the
variables of the deviation model can be rewritten as in the following
equations.

u=ug+Au (43)
®in = Pino + Adin
44
Adin(t) = a‘f’”( ))|u vo - Au(t — ) = Ky Au(t 1) 4
@1 =d10+ Ay
45
Agy =001, L am = KL A, (45)
dhy 2+/h1o
¢2 =20+ Ay
0 K (46)
Apy = a(f:z lhy=hyg - Ah2 = \/;E-Ahz
¢3 = d30 + A3
0 K (47)
Ads = 8%\;13:,130 LUEE ;30 . Ahs

A steady state at the chosen operating point is reached when the
inflows and the outflows of all the tanks are equal. Therefore, the
following constants for a particular operating point can be derived.

®ino = $10 = P20 = P30
Ky -ug = K/ h1o = Ko/ h2o = K34/ h30

(48)

By taking into account the aforementioned equations and
rewriting the linearized system in the state-space form, Eqs. (49)
and (50) are obtained.

K?
) ——t 0 , 0
Ahy(t) 2-51-Ku-ug
: K? K2
Ahy(t)| = | ———L 2
2() 2‘52~Ku~u0 ’ 2~52~Ku~u0 ’ 0
Ahs(t) K2 K2
’ 2-S3-Ky-ug 2-S3-Ky-ug
Ahq(t)
Ahs(t)=1[0 0 1] | Ahy(t) (50)
Ahs(t)

By converting Eqs. (49) and (50), the transfer functionin Eq. (51)
and Egs. (52)-(55) is derived.

K

_ L p—ST
)= a0 © (51)
p Ky K2 K2 (52)
4-51-55-S3-(Ku-up)?
KZ
a=—21 (53)

2-S; Ku-ug

6 54
_2~52~Ku~u0 ( )
K32 55
_2~53-Ku~u0 ( )

4.3. System parameters

The basic parameters of the exemplary system are as follows.
S1=S,=S3 =7-0.07 =15.4.10> m?
Ky =1.22-103m3/svm
Ky =1.41-103m3/svm (56)
3m3/svm
Ky =0.10-103m3/Vs

K3 =1.00-10"

The operating point is assumed to vary between the output value
h301=7m<h3zg <h3pz=12m. The constant of the output pipe of
the third tank varies between K3, = 0.0009 m3/s v/m < K3 < K31 =
0.001 m3/s «/m. Furthermore, the delay is limited to T < 50 s. There-
fore, gain, poles and delay of the transfer function in Eq. (51) fall
within the following boundaries. Hence, 32 bounding systems Gp;,
wherei € {1, ..., 32}, must be considered.

1.71-10°% <K <2.94.10°°

1.41-102<a<1.84-1072

(57)

1.88.1072 < b < 2.46.1072

4.4. The representing transfer function

By taking into account Egs. (7)-(8), (9), (15) and (18), the repre-
senting transfer function given in Eq. (58) is derived.

2.33.10°%
Gro(s) = (s +0.0160)(s + 0.0213)(s + 0.0106) (58)
Ahy(t) ’SL
Ahy(t) | + 01 CAu(t — 1) (49)
Ahs(t) 0

The bode plot of the representing system Gpg is shown in Fig. 5.
The Nyquist diagram of the representing system Gpy and the family
of Nyquist diagrams of the extreme cases Gp;, wherei € {1, ...,32},
are shown in Fig. 6.

Furthermore, Fig. 7 depicts the maximum relative system per-
turbations of the representing system Gpy with regard to Gp;, where

ie{1,...,32},asdefined in Eq. (59).
AGpo(jw) Gpi(jw) — Gpo(jw) .
=max|———————|, where ic {1,...,32
“Gpo(jo) i Gpo(jw) { }

(59)
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Fig. 5. Bode diagram for Gpo.
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Fig. 6. Nyquist diagrams for Gp;, where i € {0, ..., 32}.
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4.5. Optimization of controller parameters

The particle swarm optimization of controller parameters is car-
ried out as described in Section 3. A particle represent one of the
possible solutions, in this case as defined in Eq. (60).

T
x=|Tp (60)
Kp

The algorithm is initiated using the parameters in Eq. (61).

1 300
Xminmax = | 1 300
1 300
-3 3
Vininmax = | =3 3
Njter = 40 ’7 (61)
Npare = 100
w=0.7
cp=15
c=1.5
The fitness function is defined in Egs. (62)-(64).
F(Gzz) = =J1(Gzz) = Je(Gzz) (62)
J1(Gzz) = =fp(Gzz) (63)

{ o0; Gz is unstable\/ Ms(Gz) > Msmax \/ IT(Gzz, j)| > Tmax(®) }
(Gzz)

0; otherwise

(64)
The optimized parameters are given in Eq. (65).
Kp =2.82
T = 141
(65)
Tp = 61.11
Ty = 12.22

4.6. Closed-loop behavior

The closed-loop step response for the representing system and
all the bounding systems using the optimized controller are shown
in Figs. 8 and 9. Furthermore, Fig. 10 shows the optimized com-
plementary sensitivity function and the constraint imposed by the
relative system perturbations. The constraint is not violated, there-
fore, the closed loop is stable for all bounding systems, although
some cases are very close to the stability limit.

4.7. Practical control performance

In order to prove the practical applicability of the proposed
approach an experiment on a real nonlinear three tank hydraulic
system simulation example was conducted. The reference signal
covered the operating range from h3 =7 to hz =12. Furthermore,
there is an additive input disturbance Augj, =2V applied between
t=500s and t=1750s.

The closed-loop control performance is analyzed for two cases:
first, the expected poor results are shown for the case where the rel-
ative system perturbations are not considered in the design phase;
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Fig. 8. Closed-loop step response Ahs(t).

next, the case where the relative system perturbations are taken
into account as proposed in the paper is shown.

4.7.1. Poor control performance: relative system perturbations
have not been considered

In case relative system perturbations are not considered in the
design phase, the optimized solution yields a controller that is ade-
quate only for the linearized case of the representing system in one
operating point. However, critical closed-loop properties, such as
stability, cannot be guaranteed in the whole operating range. The
closed-loop response is shown in Fig. 11. The results show that the
overall controller performance is not adequate. This was expected,
because relative system perturbations have not been considered in
the design phase.

4.7.2. Good control performance: relative system perturbations
have been considered

If the proposed approach is carried out as proposed in the
paper, the relative system perturbations are taken into account
by constraining the complementary sensitivity function as shown
in Fig. 10. In this case, the closed-loop response is shown in
Figs. 12 and 13.

Step Response

10 T T T T T T T T T

Amplitude

0 100 200 300 400 500 600 700 800 900 1000
Time (sec)

Fig. 9. Closed-loop step response Au(t).

Bode Diagram
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-270
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Fig. 10. Complementary sensitivity functions for the representing system Gpy (blue
line). The red line represents the constraint imposed on the complementary sensi-
tivity function that guarantees robust stability of the closed loop system with regard
to the boundaries of the interval models parameters. (For interpretation of the ref-
erences to color in this figure legend, the reader is referred to the web version of
this article.)

0 . . . . . . . .
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Fig. 11. Poor control performance: closed-loop response hs(t) - non-robust solu-
tion.

5
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

t[s]

Fig. 12. Good control performance: closed-loop response h3(t) - robust solution.
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Fig. 13. Good control performance: closed-loop response u(t) - robust solution.

The results indicate that the reference-trajectory tracking is
satisfactory within the whole operating range that defines the
robustness requirements.

4.8. Discussion on the proposed framework

The results suggest that the presented approach can be a useful
framework for obtaining controller parameters, even when deal-
ing with relatively complex system dynamics. However, in order
to further analyze the proposed approach, especially with regard
to its repeatability and convergence properties, the algorithm has
been used to solve the task (described in Section 5) 30 times con-
secutively.

For the 30 consecutive solutions, the globally best value of
the fitness function Fgpese With regard to the iteration step iter is
depicted in Fig. 14. The set of 30 closed-loop step responses is
depicted in Figs. 15 and 16.

As the optimality of the solution is linked to the formulation of
the fitness function, the solution itself - i.e. the controller param-
eters Kp, T; and Tp - tend to be slightly dispersed. Hence, the

g
Wl@i@’!”

l’,‘lﬂ 17
[liza

FgBes1

0.01

0.008 b

0.006 b

0.004 . . . . . . .
1 5 10 15 20 25 30 35 40

iter

Fig. 14. Globally best value of the fitness function with regard to the iteration step
for 30 consecutive algorithm runs.
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Fig. 15. Set of closed-loop step responses for 30 consecutive solutions.
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Fig. 16. Set of closed-loop step responses for 30 consecutive solutions.

closed-loop step responses of the representing system using the
set 30 consecutive solutions are similar, but not exactly equal, as
canbeseeninFigs. 15 and 16. This has been expected as the solution
values are interdependent, yielding similar control performance
with respect to the fitness function with different parameter val-
ues, therefore, they must be interpreted within the context of the
optimization task. That said, the final value of the fitness function
Fgpest fin» Which actually indicates the convergence and repeatabil-
ity of the algorithm, seems to reach almost the same value every
time (see Fig. 14), with the average value Fgpes; i =0.02029 and very
small standard deviation o(Fgpest fin)=7.7 - 1076.

The statistics of the consecutive algorithm runs are given in
Table 1.

Table 1
Mean value, standard deviation, normalized standard deviation of the results of the
consecutive algorithm runs.

Parameter (x) X o(x) o(x)/x
Kp 29 0.052 0.018

T; 204 33.1 0.16

Tp 55.2 2.60 0.047
Fasestyin 0.02029 7.7.10-6 3.8.10-4
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Fig. 17. Scheme of the batch reactor.

The results of the repeated runs lead to the conclusion that the
algorithm is capable of reaching the optimal solution with regard
to the predefined fitness function.

Furthermore, the computational complexity of the approach has
been estimated. On a computer running Matlab, the solutions have
been obtained in 213 s on average. In the worst case, 219s were
required, while in the best case, the solution was obtained in 210s.
The time required to consecutively carry out the optimization indi-
cates that the computational complexity of the approach is quite
predictable and does not vary from one run to another.

5. Case study 2: Batch reactor
5.1. Batch reactor

The proposed approach has been applied on a batch rector
example. The case study includes the results of the experiments
carried out on model of a real batch reactor. The considered batch
reactor is situated in a pharmaceutical company in Slovenia and is
used in production of medicines [43].

The aim is to control the temperature of the ingredients that are
stirred in the core of the batch reactor, where the final product is
made. In order to achieve a satisfactory quality of the final product
itis vital to ensure that the trajectory of the reference temperature,
which is defined in the production recipe, is followed as accurately
as possible.

The control problem of the batch reactor has been approached
in various ways. Several advanced control methods have been
considered, such as predictive control based on a reachability
analysis [43], predictive control based on a genetic algorithm
[44], self-adaptive predictive control with an online local-linear-
model identification [45-47] and control using an inverse hybrid
fuzzy model [48]. That said, the industrial partners in the com-
pany that actually use such batch reactors have been traditionally
inclined towards PID controllers and tend to prefer PID over more
advanced control methods. In addition, PID controllers can easily
be implemented using the existing hardware. However, due to the
parameter variability of the plant, the parameter intervals need
to be considered, which turns out to be problematic using classic
design approaches. In this regard, the proposed framework proves
to be very useful.

A scheme of the batch reactor is shown in Fig. 17. The reactor’s
core (temperature T) is heated or cooled through the reactor’s water
jacket (temperature Ty, ). The heating medium in the water jacket
is a mixture of fresh input water, which enters the reactor through
on/off valves, and reflux water. The water is pumped into the water
jacket with a constant flow ¢.

Table 2
Inputs of the batch reactor.
Label Meaning
kv Position of the mixing valve
ke Position of the cold-water on/off valve
ky Position of the hot-water on/off valve
Table 3
Outputs of the batch reactor.
Label Meaning
T Temperature in the core of the reactor
Tw Temperature in the water jacket of the reactor

The dynamics of the system depend on the physical properties
of the batch reactor, i.e. the mass m and the specific heat capacity
c of the ingredients in the reactor’s core and in the reactor’s water
jacket (here, the index w denotes the water jacket). A is the thermal
conductivity, S is the contact area and Ty is the temperature of the
surroundings.

Tin stands for the temperature of the fresh input water. T¢c and
Ty denote the temperature of the cool and hot fresh input water,
respectively. The position of the on/off valves for cool and hot fresh
input water are labeled ky and k¢, respectively. The position of the
mixing valve is denoted by k.

The temperature of the fresh input water T;, depends on two
inputs: the position of the on/off valves ky and k¢. There are two
possible operating modes of the on/off valves. In case kc=1 and
ky =0, the input water is cool (T, = Tc =12 °C), whereas if kc =0 and
ky =1, the input water is hot (Tj;, = Ty =75 °C).

The ratio of fresh input water to reflux water is controlled by
the third input, i.e. by the position of the mixing valve k.

Table 2 contains the input signals, Table 3 contains the input
signals, and Table 4 the other physical parameters and quantities
related to the batch reactor.

Thus, the considered process can be regarded as a multivariable
system with two discrete inputs (k¢, ky), a continuous input (k)
and two measurable outputs (T and T,y ). Due to the nature of the
system, the time constant of the temperature in the water jacket is
obviously much shorter than the time constant of the temperature
in the reactor’s core. Therefore, the batch reactor is considered as a
stiff system.

5.2. Basic mathematical model of the batch reactor using
differential equations

The dynamics of the batch reactor can be described using differ-
ential equations, which can be derived from the law of conservation
of energy. The heat flows in the batch reactor can be divided as
follows.

Table 4
Other physical parameters and quantities related to the batch reactor.
Label Meaning
To Temperature of the surroundings
Tin Temperature of the fresh input water
Tc Temperature of cold water
Th Temperature of hot water
¢ Water flow in the jacket
m Mass of ingredients in the core
c Specific heat of the ingredients in the core
My Mass of water in the jacket
Cw Specific heat of water in the jacket
A Thermal conductivity between the core and the jacket
S Contact surface between the core and the jacket
Xo Thermal conductivity between the jacket and the surroundings
So Contact surface between the jacket and the surroundings
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e heat conduction between the reactor’s core and the reactor’s
water jacket;

e heat conduction between the reactor’s water jacket and the sur-
roundings;

e heat convection due to fresh water inflow in the reactor’s water
jacket;

e heat convection due the outflow of water from the reactor’s water
jacket.

For the sake of simplicity, the mathematical submodels for the
core and for the water jacket of the batch reactor are treated
separately. In this manner, it is possible to split the complex mul-
tivariable system representing the batch reactor into two simpler
multiple-input-single-output subsystems.

The temperature in the reactor’s core T is affected only by the
heat conduction between the reactor’s core and the reactor’s water
jacket. Furthermore, it is surmised that the heat conduction is pro-
portional to the temperature difference between the reactor’s core
T and the reactor’s water jacket Ty. It is therefore possible to derive
a differential equation from the law of conservation of energy for
the core of the batch reactor as given in Eq. (66).
ch—T =AS(Tw —T) (66)

The temperature in the reactor water jacket T,y is affected by all
of the aforementioned heat flows taking place in the batch reactor.
A differential equation is derived from the law of conservation of
energy for the water jacket of the batch reactor as given in Eq. (67).

dT
meWT:V = kyopcwTin + (1 — kyp)pcw Tw

—¢cwTw — AS(Tw — T) — AgSo(Tw — To)
= kmdcwTin — kmpewTw — AS(Tw — T) — AogSo(Tw — To)
(67)

The valves are rather large and thus cannot be moved instanta-
neously. Due to slow movement of the valves in the reactor an input
delay tis introduced, which represents the time delay between the
change of the input signal and the actual resulting change of the

The measured parameters of the real batch reactor are as fol-
lows.

my = 40kg
cw =4200]/kgK
¢ = 4200]/kgK

TO=18°C

TC =12°C

TH = 75°C (73)
¢ =1.6kg/s

A = 420W/m2K
Ao = 84W/m?2 K
S=2m?

S0 =2m?

The quantity of the raw material being processed in the batch
reactor is not constant. During the production process, additional
material is injected into the core of the batch reactor, accord-
ing to the reference recipe. Thus, the quantity varies between
m1 =300 kg <m <m; =600kg. Furthermore, the delay due to valve
movement is not greater than t < 12 s. Hence, the parameters of the
transfer function in Eq. (69) fall within the following boundaries.

1.33.10> <K <2.67-107°
531.-10° <a<1.02-107% (74)
6.28-103 <b <6.57-1073

By taking into account Egs. (7)-(9), (15) and (18), the represent-
ing transfer function given in Eq. (75) is derived.

2.00.107>
Gpo(s) = — —
(s+6.97-107°)(s +6.42-1073)

From here on, the subsequent steps to achieving suitable con-
troller parameters are exactly the same as in the previous case
study, which is presented in detail in Section 5. The only differ-
ence is that the PSO algorithm uses more appropriate parameters,
according to the expected solution (see Eq. (76)).

(75)

valve position. 1 20,000
Without going too much into detail, the resulting model can be Xminmax = | 0.1 100
expressed by definingy =T —Tp and u = (T; — Tw) - Uy,, as a transfer 0.1 100
function given in Eq. (68). _'500 500 (76)
_ Y(S) _ mﬁl‘ic .e—St Vminmax = -3 3
Gp(s) = ——= = (68) 3 3
Us) o, (2, s 2050 AS10So
e+ mc + My Cw + My Cw S+ mCMy Cyw . L. . .
The resulting optimized parameters are given in Eq. (77).
Eq.(68)can be rewritten as Eq. (69), with K, a,and bin (70)-(72), Kp = 72.34
respectively.
Y(s) K T; =10, 548 77
S 77
Gp(S)= = —c——r-e 5T 69
P06 = Gras B (69 15 =33.00
Tf = 6.60
K= P 70 7
mmy, ¢
2
A5\ 2 1S )2 oS 2252 ASAoS, ASAgS,
- (% + ety + nihfvsc?,,) \/(C) + (e )+ (m:)vcev) +2 (mcmwcw ~ Fcwtn mgﬁgj’)
a= 5 + 5 (71)
2
15 )2 As )2 XS 2252 ASAgS ASAgS
b - (% + mv)h.,scw + iﬁ\?vscev) \/(mf) + (mwcw) + (ﬁ) +2 (mcmwcw - mcmevc?m ma/(é\%vo)
— _ (72)

2 2
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Fig. 18. Closed-loop control of the batch reactor (core temperature T). The abrupt
drops of temperature are due to ingredients that are added during the process.

The obtained controller was tested on the batch reactor. The
results are shown in Figs. 18 and 19. The reference recipe prescribes
that the reactor core should first be heated to 35 °C. 130 kg of fresh
ingredients are injected into the core. Next, the core is heated to
45°C and 80 kg of ingredients are added. Finally, the core tempera-
ture is brought up to 62 °C and the final batch of ingredients (90 kg)
isinjected into the reactor. The abrupt drops of temperature are due
to freshly injected ingredients that are added during the process, as
they have roughly the same temperature as the surroundings. Due
to measurement noise the depicted signals are not smooth.

The results indicate that the reference-trajectory tracking is sat-
isfactory within the whole operating range and that the robustness
requirements are satisfied as well. As in the previous section, in
order to further analyze the proposed approach with regard to its
repeatability and convergence properties, the algorithm has been
run 30 times consecutively. The globally best value of the fitness
function Fgpesr with regard to the iteration step iter is depicted in
Fig. (20). The statistics of the consecutive algorithm runs are given
in Table 5.

70, b

t[s] 4

Fig. 19. Closed-loop control of the batch reactor (water jacket temperature Ty,
mixing valve position ky).
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Fig. 20. Globally best value of the fitness function with regard to the iteration step
for 30 consecutive algorithm runs.

Table 5
Mean value, standard deviation, normalized standard deviation of the results of the
consecutive algorithm runs.

Parameter (x) X o(x) o(x)/x
Kp 72.0 0.0275 0.037

T 11,029 2003 0.18

Tp 33.2 0.159 0.0048
Fapest fin 0.0948 3.5.10°6 3.7-10°°

The results of the repeated runs once again lead to the conclu-
sion that the proposed framework is useful for reaching the optimal
solution with regard to the predefined fitness function. In this case,
the solutions were obtained on average in 184s, with the worst
case requiring 186s.

6. Conclusion

The paper proposes a framework, which involves using an inter-
val model for describing the uncertain or variable dynamics of the
process. The framework employs a particle swarm optimization
algorithm for obtaining the best performing PID controller with
regard to several possible control-performance criteria defined in
the fitness function, but at the same time taking into account the
complementary sensitivity function constraints that ensure robust-
ness within the bounds of the uncertain parameters’ intervals.
Hence, the presented approach enables a simple, computationally
tractable and efficient constrained optimization solution for tuning
the parameters of the robust controller, while considering the even-
tual gain, pole, zero and time-delay uncertainties defined using an
interval model of the controlled process.

When implementing various optimization approaches one can-
not be absolutely positive that the optimum solution will always be
reached. However, in case of the proposed approach, the obtained
results from the consecutive algorithm runs stand in favor of such
conclusion quite strongly. On the other hand, a more advanced
global optimization algorithm could also be implemented in order
to possibly improve the convergence and computational com-
plexity aspects. However, the advantages would be questionable
whereas the approach could become significantly more compli-
cated. Nonetheless, further research is needed to support the
potential improvements in this regard.

To sum up, the results of various experiments indicate that the
proposed framework yields favorable control performance while
assuring robust stability and safe closed-loop operation within the
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prescribed uncertainty constraints, even when dealing with rela-
tively complex system dynamics and when considerable process
uncertainties are expected. It is shown that the controller perfor-
mance is adequate only when the relative system perturbations are
taken into account in the design phase, as proposed in the paper.

Appendix A. PSO pseudo code

The PSO algorithm implemented in the approach can be compre-
hensively described using pseudo code for easier understanding.
The notation used in the pseudo code is given below:

e x;: position of ith particle;

e y;: velocity of ith particle;

® Fgpese: global best fitness function;

® Fppes;,i: best fitness function of ith particle.

The PSO algorithm can be divided into the following steps.

1. Set the algorithm parameters Xpminmax» Vminmax» Miter» Mpart, @, C1

and c.
2. Randomly initialize particle positions x; ; Vi € {1, ..., Npart}.
3. Randomly initialize particle velocities v;; Vi € {1, ..., npare}.
4. Initialize global best fitness function Fgpes; =— co.
5. Initialize best fitness function for each particle

FpBest,i =—00 ;Vi € {], vy npart}.

6. for iter=1 to nje,
7. fori=11to npgr
8. Calculate controller for the current particle x;.
9. if Closed-loop system is stable then
10. Calculate the considered performance parameters - e.
g., sensitivity function S(jw), complementary sensitivity func-
tion T(jw), bandwidth f}, of the closed-loop system, settling time
Tst24 of the closed-loop system.
11. Calculate the value of fitness function F.
12. if F> Fppes,; then
13. Fppesti=F
14. XpBest,i = Xi
15. if F> Fgpesc then
16. Fopest =F
17. XgBest = Xi
18. end if
19. end if
20. end if
21. Calculate new particle velocity Vi=w-V;+
¢1-rand- (XpBest,i — X;) + C2 -rand - (Xgpest — X;)-
22. Calculate new particle position x; = x; + v;.
23. end for
24. end for

25. return Xgpest

Appendix B. Derivation of the representing system
parameters

Assume the system is given in the factorized form, as shown in
Eq. (78).

I (1+)
Gp(s) = Kpc - —5 Lo

[T (1 +3) *

In the following subsections the parameters of the representing
system when dealing with gain, delay, zero and pole uncertainty
are derived.

(78)

B.1. Gain uncertainty

In this case, the gain of the system is assumed to be uncertain
(parameter Kpc of the system Gp(s)), as given in Eq. (79). Here,
Gpx(s) represents an arbitrary multiplicatory system with fixed
parameters that are assumed not to be affected by any uncertain-
ties.

Gp(s) = Kpc - Gppx($);

N
I (145 )
’ bix,j T (79)

n N '
; 1+
Hz:l < afix,i)

KDC] < KDC < KDCZ

GPﬁx(S) =

In order to ensure that the relative system perturbations due to
the uncertain parameter are as small as possible, the representing
system Gpg(s) should be defined as given in Eq. (80).

Gpo(s) = Kpco - Gppix(s) (80)

The perturbation of the representing system can be calculated
asin Eq. (81).

AGpo(jw) _ | Gplw) = Gpo(jw)
Gro(J®) kpe elKper Kpca] Gpo(jw)

AGpo(jo) | Kpc - Gpsix(j) — Kpco - Gppx(jw) (81)
GroU®) kpe e [Kpe1.Kpea] Kpco - Gppix(jw)

AGpg(jo) _ | Kbc — Kpco
Gro(®) |Kpe e [Kper Kpea] Kpco

Assume the unknown x defined in Eq. (82) is to be established.
Kpco = Kpc1 +x, wherex e [0, Kpca — Kpci] (82)

There are two cases that need to be analyzed separately.

L4 KDC — Kpc] .

‘ Kpc —Kpco | _ ‘KDCl — (Kpc1 + %)
Kpco Kpcy + X
Kpc — Kpco ‘ ‘ —X
= (83)
‘ Kpco Kpc1 +%
‘ Kpc — Kpco ‘ __ X
Kpco Kpci +x
_x
Kpci +x _ _ Kpa
dx (Kpc1 +x)° (84)
dK .
pc1 +X -0
dx

Eq. (84) proves that the function in Eq. (83) is monotonically
increasing with regard to parameter x.
L4 KDC — KpczZ

‘ Kpc — Kpco ’ _ ‘ Kpca — (Kpct + X)
Kpco Kpc +x

‘KDC — Kpco ‘ _ ‘KDCZ —Kpc1 —x (85)
Kpco Kpct +x

‘ Kpc —Kpco | _ Kpca = Kper —x
Kpco Kpct +%
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Kpca — Kpc1 — %

Kpci+x — _ _ —Kpca
dx (KDC1 + X)z (86)
dKDCZ —Kpc1 —x
KDCl + X <0
dx

Eq. (86) proves that the function in Eq. (85) is monotonically
decreasing with regard to parameter x.

Taking into account the equations above, the maximum possible
system perturbation is limited to the smallest value when Eq. (87)
holds.

X  Kpca —Kpc1 —x
Kpct1 +% Kpc1 +x (87)
X Kpca — Kpea
- 2

Therefore, the resulting parameter Kpcg can be derived as
defined in Eq. (88).
Kpco = Kpc1 +x

_ Kpc1 +Kpez
- 2

(88)
Kpco

B.2. Delay uncertainty

In this case, the time-delay of the system is assumed to be uncer-
tain (parameter 7 of the system Gp(s)), as given in Eq. (89). Here,
Gppix(s) represents an arbitrary multiplicatory system with fixed
parameters that are assumed not to be affected by any uncertain-
ties.

Gp(s) = € - Gy (s);

m S
. 1+ —
= ( " bﬁx,f) (89)

GPfix(s) = KDC,ﬁx . s
1<1 . )
Qfix, i

IT:
i=

Assume the representing system Gpo(s) is defined as given in Eq.
(90).

To < T =< Tmax

Gro(s) = €70 - Gpp(5) (90)

The perturbation of the representing system can be calculated
asin Eq. (91).

BGntl)| _|Gulle)— i)
Gpo(jw) 7 €[7g, Tmax] Gpo(jo)
AGpo(jo) | e Gpljoo) — 6770 - Gppig(j0)
GPOOQ)) T€[19,Tmax] el Gpﬁx(]w) (91 )
AGn(jo) _ i)
Gpo(jw) 7 €[7g, Tmax]
AGo(jo) _peode_y
GPOUw) T€[19,Tmax]

B.3. Zero uncertainty

In this case, the a zero of the system is assumed to be uncer-
tain (parameter b of the system Gp(s)), as given in Eq. (92).
Here, Gpgx(s) represents an arbitrary multiplicatory system with

fixed parameters that are assumed not to be affected by any
uncertainties.

N
E) : GPﬂx(s);

m 1+S)
HJ‘Z( b ) ors (92)

GPﬁx(S) = KDC,ﬁx : S ’
n
] 1
H1:1 ( " aﬁx,i)

b1<b<b2

Grls)=(1+

In order to ensure that the relative system perturbations due to
the uncertain parameter are as small as possible, the representing
system Gpo(s) should be defined as given in Eq. (93).

Grols) = (1 + bio) () (93)

The perturbation of the representing system can be calculated
as in Eq. (94).

AGpo(jw) _ | Gr(@) = Gro(j) ‘
Gro(®) by by Gpo(jo)
jo . jo )
AGro(je) - (1 + b ) -Gpix(jw) — (1 + bo) -Gpix(jw)
Gpo(ji - i
po(jw) belby.by] (1 i ]b%) Gop(j0)
jo jo
142y (1492
AGpo(jw) _ ( b ) ( bO)
GroU®) |y cip, 1,1 (1 Lo ) (94)
bo
jo _jo
AGpo(jw) _|b b
Gro(®) by o) 14 jo
bo
Jjo b—o -1
AGpo(jow) _ b
Gpo(jw) belby byl bo + jw

Assume the unknown x defined in Eq. (95) is to be established.
by = b1 +x, where x € [0, by — bq] (95)

There are two cases that need to be analyzed separately.

.b—>b]:
. b1 +x

ja)(%o—l) jo 1b1 -1
bo+jw | | by +x+jw
. bo
bo +jw b1 - (b1 +x +jw)
b
jo(7r = 1) wx
Do+ | by /by +x) + 02
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d wX ©-b; - /(b1+x)2+w2— wx-by-(2(by +x))
by -/ (b1 +x)* + a? 2.4/ (b1 + %) + w?

dx > 2
(b1-1/ (b1 +X)" + @?)

wx
b1 -4/ (b1 +x)* + w? 0 (b1 +x) +@*) —wx- (b +%)
dx - 3

by -((by +x)* + w?)2

wX

bi-/(b1+X7 +@?  w-(b2+2b1x + 22 + @? — bx — x2)

(97)

dx 3

by-((b1 +x)* + w?)2
wX

b]-\/m _ w-(b1-(by +X)+a)2)

dx 3

by (b +x)* +w?)2

wX

b1/ (b1 +X)* + @?
_—— >0

dx -

Eq. (97) proves that the function in Eq. (96) is monotonically
increasing with regard to parameter x.

Taking into account the equations above, the maximum possible
system perturbation can be limited to the smallest value when Eq.
(100) holds.?

wX a)(bz —b] —X)

by /(b + X+ a2

by -/ (b +x)* + w2
_ b1-(by = by)

- b] +b2

(100)

Therefore, the resulting parameter by can be derived as defined
in Eq. (101).

bo = b1 +x
, _ 2biby (101)
0= by + by

B.4. Pole uncertainty

In this case, the a pole of the system is assumed to be uncertain
(parameter a of the system Gp(s)), as given in Eq. (102). Here, Gppy(s)
represents an arbitrary multiplicatory system with fixed parame-
ters that are assumed not to be affected by any uncertainties.

1
o h— bZ: GP(S): ﬁcpﬂx(s),
142
a
Hm 14 N
b by +x j=1 % . (102)
jo(2 -] o= = -1 Grl5) = Ko e ——— K™,
2 n
. = — 1 1
o e ez ( " aﬁx,i>
|G <a<a
. (bo 1
Jw B - _ —ja)(bz — by —x) (98)
bo +jow by - (b1 +x + jo)
. bg
]w(?71) _ a)(bsz‘lfx)
botio | by /by +x7 +
d w(by — by —x) 7w.b2.\/m,w(b2—b1—X)'bz-(Z(b1+X))
b2'\/m_ 2. (b]+X)2+a)2
dx - 2
(ba- /(b1 +X) + @2)
d w(by — by —x)
by /(b1 #0202~ (b 2P+ 07) — @ (b — by ~):(by +X)
dx - 3
by - ((by +x)* + w?2)2
d w(b27b] 7X)
by-\/(by +xP +@? - (b2 +2b1x + X% + @? + byby — b3 — b1x + byx — bix = ¥?) (99)
dx - §
by - ((by +X)* + @?)2
d @(by — by —X)

by-\/(b1 +x) + @2 —w-(by-(by +X)+w?)
dx - 3
by -((by +x)* + ?)2

(L)(bz — b] - X)

. 2 2
by -\/(b1 +x) +w <0

dx -

d

Eq. (99) proves that the function in Eq. (98) is monotonically
decreasing with regard to parameter x.

3 Note that Eq. (100) always holds for w=0.
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In order to ensure that the relative system perturbations due to
the uncertain parameter are as small as possible, the representing
system Gpg(s) should be defined as given in Eq. (103).

1
Gpo(s) = 173 - Gppix(s)

ap

(103)

The perturbation of the representing system can be calculated
as in Eq. (104).

AGpo(jo) _ | Gr(iw) = Gpo(j)
Groli®) geay.a) Gpo(jw)
L Goplj) - —— - Gopeljeo)
; ja)‘ Pfix w—] ja)‘ pix(j
‘ AGpo(jw) _ e + ao
Groli®) qcfaya) 1 — - Gya(j0)
142
L. i (104)
jo Jjo
AGpo(jw) _ 1+ a 1+ ag
Gpo(jo) aclay.az] 1 '
1+
AGpo(jw) _ | aoa + gjw — aga — agjew
Gpo(]'a)) aclay.a] - ap - (ﬂ +](D)
AGpo(jw) _ jw-(a—aop)
Gro(j@) |gcpay,ap | G0-(a+jo)
Assume the unknown x defined in Eq. (105) is to be established.
ag =a; +x, where x € [0,a; —aq] (105)
There are two cases that need to be analyzed separately.
*a—ay:
jo-(a—ag)| _ |jw-(a1 —(ai +x))
ao - (a+jw) (a1 +x)- (a1 +jw)
jw-(a—ag) —jwx
Jjo-( do) | _ ‘ jon ’ (106)
aop - (a+jw) ar-(ar +x) +jo-(ar +x)
jo-(a—ag)| wX
do-(a+jo)l  (a) +x)- /@ +w?
d wX
(a1 +%)-y /a2 +0? - (a1+X) /0 + 0 - x4/ + w?
= 2
dx (a1 +x)- /@ + @?)
wX
(a1+x) /@ +@? @+ ?-((a; +X) - X)
dx - 2
((a14+%)- /@ + ?) (107)
wX
d
(a1 +%)- /@ +w? - wm
dx B 2/
(a1 +x)° - /@ +w?
d wX ' !
(a1 +%)- /@ +w?
dx

Eq.(107) proves that the function in Eq. (106) is monotonically
increasing with regard to parameter x.

*a—dy:
jo-(a—ag)| _ |jw-(az — (a1 +x))
do - (a+jow) (a1 +x)-(az +jo)
jo-(a-ao)| jo-(az —a; —x)
ao-(a+jw)| = a2~(a1+x)+jw-<a1+x)’ (108)
jo-(a—ay)| _w-(a—a; —x)
do-(@+jo)| (a; +x)- /a2 +a?

d w-(a; —a; —x)

(a1 +x)-
dx

2 2
112+(1)

—w- (a1 +X) /@ +@? - - (G2 — a1 —X)- /@ + w?

(a1 +x)- /a2 + w2)2

w-(a; —a; —x

d——< — ~7/

)
(a1 +x) /@ +@?  —w-\/d+o? (a1 +X)+ (a2 — a1 —X))
dx =

(a1 +x)- /a2 + w2)2

d w-(a; —ay3 —x)

2 o2
(a1 +%)- /a5 + o B —way

dx (a1 +x) - /@ + 2

wX

d
(a14+%)- /@ +w?
<

dx -
(109)

Eq. (109) proves that the function in Eq. (108) is monotonically
decreasing with regard to parameter x.

Taking into account the equations above, the maximum possible
system perturbation can be limited to the smallest value when Eq.
(110) holds.*

wX _ w-(ag—a; —x)
(a1 +x)-y/a?+@? (a1 +x)- /02 + w?
X(\/@3 + 0? + /@3 + ?) = (a2 — a1)\/ @ + @2
22
(a2 —a1)/aj + w

=3 2
V@ + 02+ /a5 + 0?
(ap —ay)

(110)

X =
2 2
a3+ o

14,222
a? + w?

Therefore, the resulting parameter ag can be derived as defined
inEq. (111).

dp=0a1 +X
a; — g
o =01 + (111)
a3+ o?
T+ 5
@+ w

This means that ap lies in the interval bounded by the
low-frequency solution (w — 0) and the high-frequency solution
(w— o0) as defined in Eq. (112).

[ 2a1a; aj+ap

e 2 (112)
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